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1. Introduction
Throughout this paper (Γ,Σ,μ) will be an arbitrary measure space, where μ is a [0,∞]-valued measure. All functions
are assumed to be measurable real-valued deﬁned on Γ .
We adopt the following usual terminology.
• The notation ( fn)n μ−→ f means that the sequence ( fn)n of measurable functions converges in measure to f .
• By ( fn)n al-u−→ f , ( fn)n μ-a.e.−→ f we denote that the sequence ( fn)n of measurable functions converges almost uniformly
to f , μ-almost everywhere to f , respectively.
• N denotes the set of positive integers.
• c+0 denotes the set of real-valued non-negative sequences (εn)n converging to 0.
• +p = {(εn)n ∈ c+0 :
∑∞
n=1 ε
p
n < ∞}, p > 0.
• If A ⊂ Γ , by XA we denote the characteristic function of A
XA(x) =
{
1, if x ∈ A,
0, if x /∈ A.
Also, for a pair (( fn)n, f ) and for ε  0 we put
Aεn =
{
x ∈ Γ : ∣∣ fn(x) − f (x)∣∣ ε}= [| fn − f | ε].
By deﬁnition of convergence in measure it holds that
( fn)n
μ−→ f ⇔ lim
n→∞μ
(
Aεn
)= 0, for all ε > 0
⇔ lim
n→∞μ
(
A1/ jn
)= 0, for all j ∈ N.
* Corresponding author.
E-mail addresses: cpapachris@math.uoa.gr (C. Papachristodoulos), npapanas@math.uoa.gr (N. Papanastassiou), wwil@uni.lodz.pl (W. Wilczynski).0166-8641/$ – see front matter © 2011 Elsevier B.V. All rights reserved.
doi:10.1016/j.topol.2011.05.020
C. Papachristodoulos et al. / Topology and its Applications 158 (2011) 1478–1492 1479Convergences deﬁned by elements (εn)n of c
+
0 have been introduced by several authors [1–5,14].
In a similar way as in uniform convergence, we have a characterization by elements (εn)n of c
+
0 for convergence in
measure, with the exception that the parts of the space, where | fn − f | is outside the εn-strip for n = 1,2, . . . , have
measures tending to zero.
More precisely in [13] we proved the next proposition.
Proposition 1.1. The following are equivalent:
(i) ( fn)n
μ−→ f .
(ii) There exist (εn)n ∈ c+0 such that
lim
n→∞μ
(
Aεnn
)= 0.
Taking into account the quality of convergence, for a pair (( fn)n, f ) with ( fn)n
μ−→ f , which is induced by the elements
of c+0 satisfying Proposition 1.1, we have the following deﬁnition [13].
Deﬁnition 1.2. We say that ( fn)n p-converges in measure to f , where p is a positive real number, if there exists an element
(εn)n in +p such that
lim
n→∞μ
(
Aεnn
)
n = 0.
We write
( fn)n
p-μ−→ f .
Regarding this notion of convergence we have the following proposition (see [13]).
Proposition 1.3. Suppose that μ(Γ ) > 0.
(i) If 0 < p1 < p2 , then p1-convergence in measure implies p2-convergence in measure, and the converse implication does not hold.
(ii) There are pairs (( fn)n, f ) such that
( fn)n
μ−→ f and ( fn)n p-μ	−→ f for all p > 0.
(Obviously if ( fn)n
p-μ−→ f , then ( fn)n μ−→ f .)
(iii) There are pairs (( fn)n, f ) such that fn 	= 0, n = 1,2, . . . and ( fn)n p-μ−→ f for all p > 0.
(iv) For each pair (( fn)n, f ) with ( fn)n
μ−→ f there exists (εn)n ∈ c+0 such that
(a) limn→∞ μ(Aεnn ) = 0.
(b) If p0 = inf{p > 0: ( fn)n p-μ−→ f } < ∞, then
(εn)n ∈
⋂
p>p0
+p .
((a) and (b)mean that the sequence (εn)n is a “minimal” one for the pair (( fn)n, f ).)
We note that a sequence (εn)n ∈ c+0 satisfying (a), (b) above for a pair (( fn), f ) with ( fn)n
μ−→ f does not necessarily
belongs to +p0 , in case p0 < ∞, as we can see by easy examples (see [12]).
Another notion of convergence introduced by Hsu and Robbins in [8] is the following: If μ is a probability measure, then
we say that ( fn)n converges completely to f , if and only if, for each ε > 0, it holds
∑∞
n=1 μ(Aεn) < ∞.
In Section 2 we extend this notion of convergence and we prove similar results to Propositions 1.1 and 1.3. Also, we
examine the relation of this type of convergence with almost uniform convergence and almost everywhere convergence.
In Section 3, taking into account both the degree of approximation of ( fn)n to f , which is expressed by elements
(εn)n of c
+
0 (Proposition 1.1) and the size of the sets A
εn
n , we deﬁne another new notion of convergence (which we call
p–q-complete convergence, p,q > 0) stronger than convergence in measure which induces in a natural way an equivalence
relation ∼ on the space M = {( fn)n | ( fn)n μ−→ 0}, a classiﬁcation of convergences in measure, and equips the space M with
a very rich structure of subspaces (M is considered as a subspace of L0(Γ )N , N-copies of the space L0(Γ ) of real-valued
measurable functions, with the usual operations). As a result we take a metric on the quotient space M = M/∼, under
which M turns to a complete metric space.
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Deﬁnition 1.4. A measurable set A of positive measure is called an atom, if for each B ⊂ A, B ∈ Σ we have either μ(B) = 0
or μ(A − B) = 0 and A is called atomless, if A cannot contain an atom as a subset.
Proposition 1.5. If A is an atomless measurable subset of Γ with 0 < μ(A) < ∞, then for each real number a with 0 < a  μ(A)
there exists a measurable subset B of A such that μ(B) = a.
Deﬁnition 1.6. We say that a subset A ⊆ N has asymptotic density α ∈ [0,1], if limn→∞ |{k∈A: kn}|n = α, where |{k ∈ A:k n}|
is the cardinality of the set {k ∈ A: k n}. We write d(A) = α.
Obviously, if d(A) = α, then d(N− A) = 1−α. For more information about asymptotic density and statistical convergence
in topological spaces we refer the reader to [6].
Proposition 1.7. Let (λn)n ∈ c+0 and lim infnλn > 0.
If (λkn )n is a subsequence of (λn)n such that
∑
n λkn < ∞, then d({kn: n ∈ N}) = 0.
Proof. Suppose that
limsup
m
|{kn | kn m}|
m
> 0.
Since
∑
n λkn < ∞ it follows that
lim
n→∞nλkn = 0. (1)
We observe that
limsup
m
|{k | k m}|
m
= limsup
n
n
kn
.
Indeed, for m = kn we have |{k | k  kn}| = n, hence ( nkn )n is a subsequence of (
|{k|km}|
m )m , which implies that
limsup
m
|{k | k m}|
n
 limsup
n
n
kn
.
On the other hand, for each m ∈ N there exist unique kn with kn m < kn+1, so,
|{k | k m}|
m
∈
{
n
kn
,
n
kn+1
, . . . ,
n
kn+1 − 1
}
⇒ |{k | k m}|
m
 n
kn
⇒ limsup
m
|{k | k m}|
m
 limsup
n
n
kn
.
Let n1 < n2 < · · · such that
lim
j→∞
n j
kn j
= limsup
n
n
kn
> 0.
From the relation n jλkn j =
n j
kn j
(kn j · λkn j ) and (1) it follows that lim j kn jλkn j = 0, which is a contradiction. 
We note that Proposition 1.7 strengthens the corresponding result in [15], and the above proof is much simpler than
that in [15].
By applying Proposition 1.7 for λn = 1n , n = 1,2, . . . , we obtain
Corollary 1.8. Let (kn)n be an increasing sequence in N. If
∑
n
1
kn
< ∞, then d({kn: n ∈ N}) = 0.
Proposition 1.9. ([16, p. 75]) Let (pn)n, (qn)n be two sequences of real numbers and let Pn = p0 + p1 + · · · + pn, Qn = q1 + q2 +
· · · + qn, qn > 0 for n ∈ N, Qn → ∞, n → ∞. If pnqn → s ∈ R¯, then PnQn → s.
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Deﬁnition 2.1. Let q be a positive real number. We say that the sequence ( fn)n converges q-completely to f (( fn)n
q-c−→ f ), if
for each positive real ε there exists an index n0 ∈ N such that
∞∑
n=n0
[
μ
(
Aεn
)]q
< ∞.
Obviously, if ( fn)n
q-c−→ f , then ( fn)n μ−→ f .
In the sequel (see Proposition 2.8) we will show that the converse implication fails. That is, q-complete convergence is a
notion of convergence stronger than convergence in measure (see also [11]).
Like convergence in measure (Proposition 1.1), the q-complete convergence can be characterized by sequences (εn)n
of c+0 .
Proposition 2.2. Let q be a positive real number. The following are equivalent.
(i) ( fn)n
q-c−→ f .
(ii) There exist (εn)n ∈ c+0 and n0 ∈ N such that
∑∞
n=n0 [μ(Aεnn )]q < ∞.
Proof. Suppose (i) holds. Then for every ε = 1j , j = 1,2, . . . , there exists a positive integer n j such that
∞∑
n=n j
[
μ
(
A1/ jn
)]q
<
1
2 j
. (1)
So we can construct inductively an increasing sequence (n j) j of positive integers such that (1) holds for j = 1,2, . . . .
We set
εn =
{
1, if n < n2,
1
k , if nk  n < nk+1, for all k = 2,3, . . . .
Then limn→∞ εn = 0, and ∑∞n=n2 [μ(Aεnn )]q < ∞.
Since the converse direction is obvious, the proof is complete. 
Remark 2.3. From Proposition 1.3 we have that p1-convergence in measure is strictly stronger, than p2-convergence in
measure for 0 < p1 < p2, provided that the space is not trivial (μ(Γ ) > 0). A similar result is not true for q-complete
convergence. For example if the space consists of a ﬁnite number of atoms (that is, Γ = A0 ∪ A1 ∪· · ·∪ An , where A1, . . . , An
are atoms and μ(A0) = 0), then by deﬁnition ( fn)n μ−→ f , if and only if μ(Aεn) → 0, n → ∞ for all ε > 0. Hence, if ε is a
positive real, there exists an index n0 = n0(ε) such that μ(Aεn) = 0, for all n  n0. So ( fn)n
q-c−→ f , for each positive real q.
Therefore q-complete convergence coincides with convergence in measure.
However, if there exists a sequence of measurable subsets (An)n with
∑
n μ(An)
q1 = ∞ and ∑n μ(An)q2 < ∞, where
0 < q1 < q2, then it is easy to see that
(XAn )n
q2-c−→ f = 0 and (XAn )n
q1-c	−→ f = 0.
We have the following proposition.
Proposition 2.4. If the space contains an atomless subset of positive ﬁnite measure, then for 0 < q1 < q2 , q1-complete convergence
implies q2-complete convergence, and the converse implication fails.
Proof. Let ( fn)n
q1-c−→ f , 0 < q1 < q2 and ε > 0. Then there exists n0 ∈ N such that ∑∞n=n0 μ(Aεn)q1 < ∞ and μ(Aεn) < 1 for
n n0. Hence, μ(Aεn)q2 < μ(Aεn)q1 for n n0 and so ( fn)n
q2-c−→ f .
The converse direction: by Proposition 1.5, we have that there exists a sequence (An)n in Σ such that
μ(An) = μ(A)
n1/q1
, n = 1,2, . . . ,
where A is an atomless set of positive ﬁnite measure. Then, it is a routine matter to verify that (XAn )n
q2-c−→ f = 0 and
(XAn )n
q1-c	−→ f = 0. 
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Proposition 2.5.
(i) For 0 < q 1, q-complete convergence implies almost uniform convergence.
(ii) For q > 1, q-complete convergence does not imply even μ-a.e. convergence.
Proof. Suppose ( fn)n
q-c−→ f , for some q ∈ (0,1]. Then by Proposition 2.4 ( fn)n 1-c−→ f , and by Proposition 2.2 there exists
(εn)n ∈ c+0 such that
∞∑
k=n
μ
(
Aεkk
)→ 0, as n → ∞. (1)
Let ε be a positive real number. We have to show that
∃B ∈ Σ : μ(B) < ε and ( fn|Γ −B)n u−→ f |Γ −B . (2)
By (1), there exists n1 ∈ N such that
μ(B) < ε, where B =
∞⋃
k=n1
Aεkk .
Since | fn(x) − f (x)| < εn for x ∈ Γ − B , n n1 and (εn)n ∈ c+0 , (2) follows at once.
We show (ii) by an example.
If Γ = [0,∞), Σ is the σ -algebra of Lebesgue measurable sets, and μ is the Lebesgue measure, we consider the following
sequence ( fn)n:
f1 = X[0,1],
f2 = X[0, 12 ], f3 = X[ 12 , 12+ 13 ], f4 = X[ 12+ 13 , 12+ 13+ 14 ],
f5 = X[0, 15 ], f6 = X[ 15 , 15+ 16 ], . . . , fk3 = X[ 15+ 16+···+ 1k3−1 , 15+ 16+···+ 1k3 ],
where k3 is the ﬁrst positive integer such that
1
5
+ 1
6
+ · · · + 1
k3
 1,
fk3+1 = X[0, 1k3+1 ], fk3+2 = X[ 1k3+1 , 1k3+1+ 1k3+2 ], . . . , fk4 = X[ 1k3+1+···+ 1k4−1 , 1k3+1+···+ 1k4 ],
where k4 is the ﬁrst positive integer such that
1
k3 + 1 + · · · +
1
k4
 1,
and so on.
Then ( fn)n
q-c−→ f = 0 for q > 1 since μ(Aεn) = 1n for ε  1 and n = 1,2, . . . .
But ( fn)n
μ-a.e.
	−→ f = 0 for all x ∈ [0,1], since fn(x) = 0 for inﬁnitely many n ∈ N and also fn(x) = 1 for inﬁnitely many
n ∈ N. 
Deﬁnition 2.6. We set
M = {( fn)n ∣∣ ( fn)n μ−→ 0},
Mq = {( fn)n ∣∣ ( fn)n q-c−→ 0}, where q is a positive real,
M0 =
⋂
q>0
Mq, M∞ =
⋃
q>0
Mq.
Obviously M is a real vector space under the usual operations. In fact M is a vector subspace of the space L0(Γ )N , where
L0(Γ ) is the space of real-valued measurable functions. By next proposition we have that Mq is also a vector subspace of
L0(Γ )N .
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Proof. Let ( fn)n , (gn)n be two elements of Mq . Since
[| fn + gn| ε]⊆
[
| fn| ε
2
]
∪
[
|gn| ε
2
]
, ε > 0,
we have that
μ
([| fn + gn| ε])q  2q ·
(
max
{
μ
[
| fn| ε
2
]
,μ
[
|gn| ε
2
]})q
,
which implies that ( fn + gn)n ∈ Mq .
Also from [|λ fn| ε] = [| fn| ε|λ| ], for λ 	= 0, it follows that (λ fn)n ∈ Mq . 
We close this section by showing that there are sequences converging in measure, which fails to converge q-completely
for all q > 0.
We will need the following facts:
1st: There are (εn)n ∈ c+0 such that∑
n
ε
q
n < ∞, for all q > 0
(e.g. εn = 1nn , n = 1,2, . . .).
2nd: There are (εn)n ∈ c+0 such that∑
n
ε
q
n = ∞, for all q > 0.
E.g., if kn = 11 + 22 + · · · + nn , n = 1,2, . . . and (εn)n is a sequence such that
ε1 = 1,
εkn−1 =
1
n − 1 > εkn−1+1 > · · · > εkn =
1
n
, for n = 2,3, . . . .
The notation N ↪→	= M means that N is a proper vector subspace of M .
Proposition 2.8. If Γ contains an atomless subset of positive ﬁnite measure and q is a positive real, it holds that
{0} ↪→	= M
0 ↪→	= M
q ↪→	= M
∞ ↪→	= M.
Proof. The relations M0 ↪→	= M
q ↪→	= M
∞ follow at once from Proposition 2.4.
In order to prove that M∞ 	= M , we consider a sequence (εn)n ∈ c+0 with
∑
n ε
q
n = ∞ for all q > 0. If A is an atomless set
of positive ﬁnite measure and n0 ∈ N such that εn < μ(A) for n n0, by Proposition 1.5, there exists a sequence (An)n in Σ
such that μ(An) = εn for n n0.
Obviously (XAn )n
μ−→ f = 0 and ∑nn0 μ([| fn| 12 ])q =∑nn0 μ(An)q = ∞ for all q > 0, which implies that (XAn )n q-c	−→
f = 0 for all q > 0.
In the same manner, if (εn)n ∈ c+0 with
∑
n ε
q
n < ∞ for all q > 0 and (An)n a sequence in Σ with μ(An) = εn for n n0,
it follows that (XAn )n
q-c−→ 0 for all q > 0.
Hence M0 is not trivial. 
3. p–q-complete convergence
Deﬁnition 3.1. Let p, q be positive real numbers. We say that the sequence ( fn)n converges p–q-completely to f (we write
(( fn)n
p-q-c−→ f ) if there exists an element (εn)n of +p and an index n0 in N such that
∑∞
n=n0 μ(A
εn
n )
q < ∞).
Obviously p–q-completely convergence implies q-completely convergence and p-convergence in measure.
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(1) Mp =
{
( fn)n
∣∣ ( fn)n p-μ−→ 0} (see Deﬁnition 1.2),
M0 =
⋂
p>0
Mp, M∞ =
⋃
p>0
Mp .
(2) Mqp =
{
( fn)n
∣∣ ( fn)n p-q-μ−→ 0},
M0p =
⋂
q>0
Mqp, M
∞
p =
⋃
q>0
Mqp,
Mq0 =
⋂
p>0
Mqp, M
q∞ =
⋃
p>0
Mqp,
M00 =
⋂
p,q>0
Mqp, M
∞∞ =
⋃
p,q>0
Mqp .
(3) M0∞ =
⋃
p>0
M0p, M
∞
0 =
⋃
q>0
Mq0.
It follows, in the same manner as in Proposition 2.7, that Mp and M
q
p are vector subspaces of M (instead of ε in the
proof of Proposition 2.7 we put εn + δn , where (εn)n , (δn)n are elements of +p verifying the p–q-completely convergence of
( fn)n and (gn)n , respectively).
Regarding the above terminology we have the following hierarchy of convergences in measure.⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
M0 · · · Mp1 · · · Mp · · · Mp2 · · · M∞ M
M∞0 · · · M∞p1 · · · M∞p · · · M∞p2 · · · M∞∞ M∞
...
...
...
...
...
...
Mq2∞ · · · Mq2p1 · · · Mq2p · · · Mq2p2 · · · Mq2∞ Mq2
...
...
...
...
...
...
Mq0 · · · Mqp1 · · · Mqp · · · Mqp2 · · · Mq∞ Mq
...
...
...
...
...
...
Mq10 · · · Mq1p1 · · · Mq1p · · · Mq1p2 · · · Mq1∞ Mq1
...
...
...
...
...
...
M00 · · · M0p1 · · · M0p · · · M0p2 · · · M0∞ M0
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
where 0 < p1 < p < p2, 0 < q1 < q < q2.
For the ﬁrst row and last column, as we have seen, the following inclusions hold:
M0 ↪→	= · · · ↪→	= Mp1 ↪→	= · · · ↪→	= Mp2 ↪→	= · · · ↪→	= M∞ ↪→	= M,
M0 ↪→	= · · · ↪→	= M
q1 ↪→	= · · · ↪→	= M
q2 ↪→	= · · · ↪→	= M
∞ ↪→	= M
(see Propositions 1.3, 2.4 and 2.8).
Similar inclusions hold for the other rows and columns.
Proposition 3.2.
(i) If the space Γ contains an atomless set of positive ﬁnite measure, then
M0p ↪→	= · · · ↪→	= M
q1
p ↪→	= · · · ↪→	= M
q2
p ↪→	= · · · ↪→	= M
∞
p ↪→	= Mp,
where p ∈ [0,∞] and 0 < q1 < q2 .
(ii) If μ(Γ ) > 0, then
Mq0 ↪→	= · · · ↪→	= M
q
p1 ↪→	= · · · ↪→	= M
q
p2 ↪→	= · · · ↪→	= M
q∞ ↪→	= M
q,
where q ∈ [0,∞] and 0 < p1 < p2 .
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(An)n in Σ with μ(An) = μ(A)n1/q1 , n = 1,2, . . . . For ε  1 it holds that [XAn  ε] = An and
∑
n μ(An)
q1 = ∞. So,
(XAn )n
q1-c	−→0 ⇒ (XAn )n
p-q1-c	−→ 0 for all p > 0
⇒ (XAn )n /∈ Mq1p for p ∈ [0,∞].
But,
(XAn )n
p-q2-c−→ 0 for all p > 0 ⇒ (XAn )n ∈ Mq2p for all p ∈ [0,∞].
(Indeed, for each (δn)n ∈ +p , p > 0, [XAn  δn] = An or ∅ and
∑
n μ(An)
q2 < ∞.)
Hence,
Mq1p ↪→	= M
q2
p for all p ∈ [0,∞]. (1)
The fact that M0p ↪→	= M
q1
p for p ∈ [0,∞] follows at once from (1).
It remains to show that M∞p ↪→	= Mp , for p ∈ [0,∞].
Let (εn)n ∈ c+0 such that
∑
n ε
q
n = ∞ for all q > 0 and εn < 1 for n = 1,2, . . . .
By Proposition 1.5, there exists a sequence (Bn)n in Σ with μ(Bn) = εnμ(A), n = 1,2, . . . .
It is easy to see with the same reasoning as above that
(XBn )n
p-μ−→ 0, for p > 0 ⇒ (XBn )n ∈ Mp, for p ∈ [0,∞],
and,
(XBn )n
q-c
	−→0, q > 0 ⇒ (XBn )n
p-q-c
	−→ 0, for p,q > 0
⇒ (XBn )n /∈ M∞p for p ∈ [0,∞].
(ii) Let A ∈ Σ with μ(A) > 0 and (εn)n ∈ c+0 . We set, fn = εnXA , n = 1,2, . . . .
We observe that
(εn)n ∈ p, p > 0 ⇒ ( fn)n p-q-c−→ 0, for all q > 0. (2)
(Indeed, for ε′n = εn + 1nn , n = 1,2, . . . we have that (ε′n)n ∈ +p and A
ε′n
n = [ fn  ε′n] = ∅, for n = 1,2, . . . .)
If p1 < p2 and (εn)n ∈ +p2 − +p1 , then ( fn)n ∈ Mqp2 for all q ∈ [0,∞] (by (2)), but ( fn)n /∈ Mqp1 for all q > 0.
Indeed, for every (δn)n ∈ +p1 there exists a subsequence (δkn )n of (δn)n such that δkn < εkn , n = 1,2, . . . . Hence, μ([ fkn 
δkn ]) = μ(A)  0⇒ ( fn)n
p1-μ	−→0⇒ ( fn)n p1-q-c	−→ 0 for all q > 0.
If (εn)n ∈ c+0 with (εn)n /∈ p for all p > 0, with the same reasoning as above, it follows that ( fn)n
p-μ
	−→0, for p > 0 ⇒
( fn)n
p-q-c
	−→0, for p > 0, q > 0⇒ ( fn)n /∈ Mq∞ , for q ∈ [0,∞]. But ( fn)n ∈ Mq for all q ∈ [0,∞] (since [ fn  εn + 1n ] = ∅).
Hence Mq∞ ↪→	= M
q for all q ∈ [0,∞]. 
Let 0 < q1 < q2, 0 < p1 < p2. Then for the sequence (XAn )n of the proof of (i) above, it holds that (XAn )n ∈ Mq2p1 − Mq1p2
and for the sequence ( fn)n of the proof of (ii), if we take (εn)n ∈ +p2 − +p1 , it holds that ( fn)n ∈ Mq1p2 − Mq2p1 . Hence in case
that the space contains an atomless set of positive ﬁnite measure the subspaces Mq2p1 ,M
q1
p2 of M are uncorrelated. However,
if the space consists from atoms it could hold that Mq2p1 ↪→ Mq1p2 . We remind that Mpn ↪→	= Mp2 if μ(Γ ) > 0 and if the space
is a union of a ﬁnite number of atoms, then p1–q2-complete convergence ⇒ p2–q1-complete convergence (see Remark 2.3).
By using examples we obtain that M00 is not trivial.
Example 3.3. Let (εn)n be a sequence of positive real numbers such that (εn)n ∈ +p for all p > 0.
Put fn = εnXA , n = 1,2, . . . , where A ∈ Σ with μ(A) > 0. If ε′n = εn + 1nn , n = 1,2, . . . , then (ε′n)n ∈ +p for all p > 0.
Obviously A
ε′n
n = ∅ for n = 1,2, . . . , which implies that
( fn)n
p-q-c−→ f = 0 for all p,q > 0.
Hence, ( fn)n ∈ M0, which means that the subspace M0 of M is not trivial.0 0
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following theorem from which it follows that M has a rich structure with respect to subspaces. We will take advantage of
this fact in the sequel to deﬁne a paranorm on M .
Theorem 3.4. Suppose that the space contains an atomless subset of positive ﬁnite measure and 0 p1 < p2 < p3 , 0 q1 < q2 < q3 .
The following strict inclusions hold
(i) Mq1p1 ↪→	= M
q2
p1 ∩ Mq1p2 , moreover
Mq2p1 ∩ Mq1p2 ↪→	= M
q3
p1 ∩ Mq1p2 and Mq2p1 ∩ Mq1p2 ↪→	= M
q2
p1 ∩ Mq1p3;
(ii) Mq1∞ ↪→	= M
q1 ∩ Mq2∞ ↪→	= M
q1 ∩ Mq3∞;
(iii) M∞p1 ↪→	= Mp1 ∩ M
∞
p2 ↪→	= Mp1 ∩ M
∞
p3 ;
(iv) M∞∞ ↪→	= M∞ ∩ M
∞.
Proof. Throughout the proof A is an atomless set of positive ﬁnite measure, B1 = {1}, Bn = {1 + 22 + · · · + (n − 1)n−1 +
1,1+ 22 + · · · + (n− 1)n−1 + 2, . . . ,1+ 22 + · · · + (n− 1)n−1 +nn}, n = 2,3, . . . and εk = 1n , if k ∈ Bn , n = 1,2, . . . . Obviously
(εk)k ∈ c+0 .
Also,
∑
k ε
p
k = ∞ for all p > 0. Indeed,
∑
k∈Bn ε
n
k = 1 <
∑
k∈Bn ε
p
k for n > p.
(i) Let 0 p1 < p < p2, 0 q1 < q < q2. Then, by Proposition 1.5, for each n ∈ N there exists An ∈ Σ , An ⊂ A such that
μ(An) = μ(A)
n1/q
. (1)
If fn = 1n1/p XAn , n = 1,2, . . . , then
( fn)n ∈ Mq2p1 . (2)
Indeed, for each (δn)n ∈ c+0 , Aδnn = ∅ or Aδnn = An and so,∑
n
μ
(
Aδnn
)q2 ∑
n
μ(An)
q2 < ∞.
Also,
( fn)n ∈ Mq1p2 . (3)
By taking δn = 2n1/p , n = 1,2, . . . we take that
∑
n δ
p2
n < ∞ and Aδnn = ∅, and also
( fn)n /∈ Mqp . (4)
We have to show the implication (δn)n ∈ c+0 and
∑
n μ(A
δn
n )
q < ∞ ⇒∑n δpn = ∞.
Suppose (δn)n ∈ c+0 with
∑
n μ(A
δn
n )
q < ∞. We set
K =
{
n ∈ N: δn  1
n1/p
}
= {k1 < k2 < · · ·}.
Then, A
δkn
kn
= Akn , n = 1,2, . . . and so
∑
n μ(A
δkn
kn
)q 
∑
n μ(A
δn
n )
q < ∞.
But
∑
n
μ
(
A
δkn
kn
)q =∑
n
μ(Akn)
q = μ(A)q
∑
n
1
kn
⇒
∑
n
1
kn
< ∞.
Hence, if
L =
{
n ∈ N: δn > 1
n1/p
}
= {1 < 2 < · · ·},
then,
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n
1
n
= ∞ ⇒
∑
n
δ
p
n
= ∞
(
since δn >
1

1/p
n
, n = 1,2, . . .
)
⇒
∑
n
δ
p
n = ∞.
Since Mq1p1 ↪→	= M
q
p (see Proposition 3.2) the result follows from (2), (3) and (4).
In order to show Mq2p1 ∩ Mq1p2 ↪→	= M
q3
p1 ∩ Mq1p2 , we set gn = 1n1/p XBn , where Bn ⊂ A with μ(Bn) = μ(A)n1/q2 , n = 1,2, . . . .
Then exactly in the same way as in (2), (3), (4), it follows that (gn)n ∈ Mq3p1 ∩ Mq1p2 and (gn)n /∈ Mq2p ←↩	= M
q2
p1 .
To prove that Mq2p1 ∩ Mq1p2 ↪→	= M
q2
p1 ∩ Mq1p3 we consider the sequence hn = 1n1/p XCn , Cn ⊂ A, μ(Cn) = μ(A)n1/q , n = 1,2, . . . .
Then as in (2), (3), (4), it follows that
(hn)n ∈ Mq2p1 ∩ Mq1p3 and (hn)n /∈ Mqp2 ←↩	= M
q1
p2 .
(ii) Let An ∈ Σ , An ⊂ A with μ(An) = μ(A)n1/q , where 0 q1 < q < q2.
Deﬁne, fn = εnXAn , n = 1,2, . . . . It holds that ( fn)n ∈ Mq1 .
Indeed, A2εnn = [ fn  2εn] = ∅, n = 1,2, . . . and so ( fn)n ∈ Mq′ for all q′ > 0.
Also, ( fn)n ∈ Mq2∞ . (If (δn)n ∈ +p ⇒ Aδnn = ∅ or An .)
Hence, it is enough to show ( fn)n /∈ Mq∞ ←↩	= M
q1∞ , or equivalently,
∑
n μ(A
ζn
n )
q = ∞, for all (ζn)n ∈⋃p>0 +p . Let (ζn)n ∈ +p ,
p > 0.
We set M = {n ∈ N: ζn > εn} = {m1 <m2 < · · ·}.
So,∑
n
ε
p
mn < ∞. (5)
Claim. If pn is the number of terms of {m1,m2, . . .} which belong in the set Bn then pnnn → 0.
Proof. Suppose pnnn  0. Then, there exist ε > 0 and an increasing sequence (qn)n of positive integers such that
pqn
qqnn
> ε and
qn > p for n = 1,2, . . . .
Hence, it follows that
∑
mi∈Bqn
ε
p
mi >
∑
i: mi∈Bqn
1
qqnn
= pqn
qqnn
> ε,
for n = 1,2, . . . (by deﬁnition of (εn)n , εmi = 1qn for mi ∈ Bqn ) which is a contradiction (by (5)). 
From the claim it follows that d(M) 	= 1. Indeed, pnnn → 0. By Proposition 1.9 it follows that
∑n
i=1 pi
1+22+···+nn → 0.
So akn → 0, where an = |{i: min}|n and kn = 1+ 22 + · · · + nn .
Hence, d(L) 	= 0, where L = {n ∈ N: ζn  εn}. So, by 1.8 ∑n∈L μ(Aζnn )q = ∞ (since μ(Aζnn )q = μ(A)qn for n ∈ L).
To show that Mq1 ∩ Mq2∞ ↪→	= M
q1 ∩ Mq3∞ , we consider sets A′n ⊂ A with μ(A′n) = μ(A)n1/q2 , n = 1,2, . . . . We set f ′n = εnXA′n ,
n = 1,2, . . . .
With the same reasoning as above we take that ( f ′n)n ∈ Mq1 ∩ Mq3∞ but ( f ′n)n /∈ Mq2∞ .
(iii) Let An ∈ Σ , An ⊂ A with μ(An) = εnμ(A). We set fn = 1n1/p XAn (n = 1,2, . . .), where 0 p1 < p < p2. Then,
• ( fn)n ∈ Mp1 since Aζnn = ∅ or An for each (ζn)n ∈ c+0 .
• ( fn)n ∈ M∞p2 since [ fn  2n1/p ] = ∅ and
∑
n(
2
n1/p
)p2 < ∞.
But ( fn)n /∈ M∞p ←↩	= M
∞
p1 . Suppose that for some (ζn)n ∈ c+0 and some q > 0 we have,
∑
n μ(A
ζn
n )
q < ∞.
If M = {n: ζn  1n1/p } = {m1 < m2 < · · ·} and pn is the number of terms of M which belong to Bn , then pnnn → 0. (The
proof is the same as the proof of the claim above taking into account the fact that
∑
n∈M μ(A
ζn
n )
q = μ(A)q∑n εqmn < ∞.)
Hence, as in (ii) d(M) 	= 1⇒ d(L) 	= 0, where L = {n ∈ N: ζn > 11/p }. So,
∑
n∈L ζ
p
n >
∑
n∈L( 11/p )p = ∞.n n
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∞
p3 we consider the sequence,
f ′n =
1
n1/p2
XAn , n = 1,2, . . . .
(An , n = 1,2, . . . , are the above considered sets.)
Then, with exactly the same reasoning as above, we conclude
(
f ′n
)
n ∈ Mp1 ∩ M∞p3 , and
(
f ′n
)
n /∈ M∞p2 .
(iv) Let fn = εn XAn , n = 1,2, . . . , where μ(An) = εnμ(A) as in (iii).
We have that,
• ( fn)n ∈ M∞ .
In fact, ( fn)n ∈ M0 as Aζnn = An or ∅ for every (ζn)n ∈ c+0 .• ( fn)n ∈ M∞ .
In fact, ( fn)n ∈ M0, as [ fn  2εn] = ∅.
But, ( fn)n /∈ M∞∞ . Suppose that for some (ζn)n ∈ c+0 and q > 0 we have
∑
n μ(A
ζn
n )
q < ∞. We have to show that (ζn)n /∈ +p
for all p > 0.
If M = {k: ζk  εk} and L = N − M = {k: ζk > εk}, then exactly as in the proof of (iii) it follows that d(M) 	= 1 and so
d(L) 	= 0.
If p > 0, we observe that k · εpk  (n−1)
n−1+1
np  1, for k ∈ Bn and n large enough, which implies that lim infkεpk > 0.
Hence, by Proposition 1.7, we have that
∑
k∈L ε
p
k = ∞ which implies that
∑
n ζ
p
n = ∞.
So, ( fn)n /∈ Mqp for all p,q > 0⇒ ( fn)n /∈ M∞∞ . 
Deﬁnition 3.5. Suppose ( fn)n , (gn)n are elements of M (see Deﬁnition 2.6). We say that ( fn)n , (gn)n are equivalent, denoted
(( fn)n ∼ (gn)n), if ( fn − gn)n ∈ M00.
Since M00 is a subspace of M , ∼ is an equivalence relation on M . We denote by M the quotient space M/M00 and Mqp
the quotient subspace of M corresponding to Mqp (Mqp = Mqp/M00).
By a slight (and usual) abuse of notation, we identify an equivalence class (in M) with its representative and so we
consider two elements ( fn), (gn)n of M to coincide if and only if for each p,q > 0 it holds that ( fn − gn)n p-q-c−→ 0.
Deﬁnition 3.6. Let ( fn)n be an element of M. We deﬁne
∥∥( fn)n∥∥= Arctan(inf{p + q ∣∣ p,q > 0 and ( fn)n p-q-c−→ 0}).
If ( fn)n ∼ (gn)n , then ( fn)n = ( fn − gn)n + (gn)n and ( fn − gn)n ∈ M00, so ( fn)n ∈ Mqp if and only if (gn)n ∈ Mqp (as Mqp are
subspaces of M containing M00), which imply that ‖( fn)n‖ = ‖(gn)n‖.
The set {p + q | p,q > 0 and ( fn)n p-q-c−→ 0} may be empty. In this case we have that ‖( fn)n‖ = π2 .
Proposition 3.7. The function ‖ ‖ : M → R is a paranorm, that is
(i) ‖( fn)n‖ 0 for all ( fn)n ∈ M;
(ii) ‖( fn)n‖ = 0⇔ ( fn)n ∼ (0)n;
(iii) ‖( fn)n‖ = ‖(− fn)n‖ for all ( fn)n ∈ M;
(iv) ‖( fn)n + (gn)n‖ ‖( fn)n‖ + ‖(gn)n‖ for all ( fn)n, (gn)n ∈ M.
Hence M becomes a metric space and the metric d(( fn)n, (gn)n) = ‖( fn − gn)n‖ is invariant under translations.
Proof. (i), (ii) and (iii) follow from Deﬁnitions 3.5 and 3.6. For the proof of (iv) we put
A = {p + q ∣∣ p,q > 0 and ( fn)n p-q-c−→ 0}, B = {p + q ∣∣ p,q > 0 and (gn)n p-q-c−→ 0},
C = {p + q ∣∣ p,q > 0 and ( fn + gn)n p-q-c−→ 0}.
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∥∥( fn)n + (gn)n∥∥= Arctan(infC),∥∥( fn)n∥∥= Arctan inf A, ∥∥(gn)n∥∥= Arctan(inf B).
Since
inf A + inf B = inf(A + B) and Arctan(inf A + inf B) Arctan(inf A) + Arctan(inf B),
it is enough to prove that
infC  inf(A + B).
Indeed, if p1 + q1 ∈ A, p2 + q2 ∈ B and p = max(p1, p2), q = max(q1,q2), then from Proposition 3.2, it follows that
( fn)n, (gn)n ∈ Mqp which implies that ( fn + gn)n ∈ Mqp (as Mqp ↪→ M).
Hence p + q ∈ C and p + q < (p1 + q1) + (p2 + q2). This implies (1) and the proof is complete. 
Remarks 3.8.
(i) Let α be non-zero real number. For the multiplication operator Hα : ( fn)n ∈ M → α( fn)n , it holds that∥∥Hα(( fn)n)∥∥= ∥∥α( fn)n∥∥= ∥∥( fn)n∥∥, ( fn)n ∈ M.
Indeed, for α 	= 0 we have that
[| fn| εn]= [|α fn| |α|εn] and ∑
n
ε
p
n < ∞ ⇔
∑
n
(|α|εn)p < ∞,
for any (εn)n in c
+
0 .
Hence,
( fn)n
p-q-c−→ 0 ⇔ α( fn)n p-q-c−→ 0,
which implies that ‖( fn)n‖ = ‖α( fn)n‖.
(ii) By deﬁnition of ‖ ‖, it follows that the family {Mqp, p,q > 0} is a system of neighborhoods of 0 in M. Indeed, it is
easy to see that, for each p,q > 0 the open ball B(0,Arctan r), r = min(p,q) is contained in Mqp , and for each ε > 0, if
p + q < tanε, then Mqp ⊆ B(0, ε).
(iii) It is easy to check the following:
(a) The addition + : (( fn)n, (gn)n) ∈ M × M → ( fn + gn)n ∈ M is continuous.
(b) The translation T(gn)n : ( fn)n ∈ M → ( fn)n + (gn)n ∈ M is a homeomorphism. So, the system of neighborhoods of
0 determines the topology of (M,d).
(c) The multiplication operator Hα : ( fn)n ∈ M → α( fn)n , where α is any non-zero real number, is a homeomorphism.
In fact (a) and (b) hold for any metric space induced by a paranorm and (c) follows from (i) above.
(iv) The multiplication
· : (α, ( fn)n) ∈ R × M → α( fn)n ∈ M
is not continuous.
Indeed if (αn)n → 0, αn 	= 0 for n = 1,2, . . . , F = ( fn)n ∈ M and Fn = F , n = 1,2, . . . , then αn → α = 0, Fn ‖ ‖−→ F but
‖an Fn − αF‖ = ‖αn Fn‖ = ‖Fn‖ = ‖F‖ 	= 0.
(v) We remind that, if X is a vector space, d is an invariant in translations metric on X and N is a closed subspace of X ,
then it is deﬁned an induced metric on the quotient space X/N by the formula,
d¯(x+ N, y + N) = d(x− y,N).
In our case, on the space L0(Γ ) of real-valued measurable functions it is deﬁned the metric ρ ,
ρ( f , g) = 2
π
Arctan inf
α>0
(
α + μ[| f − g| > α]) 1 (see [7]).
Hence on L0(Γ )N we take the metric,
d(F ,G) =
∞∑
n=1
ρ( fn, gn)
2n
,
where F = ( fn)n , G = (gn)n .
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(Indeed, if F = ( fn)n ∈ L0(Γ )N and ε > 0, then, ∃n0 ∈ N: ∑∞n=n0 12n < ε. We set gn = fn if n < n0 and gn = 0 if n  n0.
Then G = (gn)n ∈ M00 and,
d(F ,G) =
∞∑
n=1
ρ( fn, gn)
2n
=
∞∑
n=n0
ρ( fn,0)
2n

∞∑
n=n0
1
2n
< ε.)
In the sequel we prove that (M,d) is complete (Theorem 3.10) and that Mqp , p,q > 0, are closed subspaces of M.
So the family {Mqp: p,q > 0} is a system of closed and convex neighborhoods of 0 in M. Hence, though (M,d) is not
a topological vector space, (M,d) is something like a Fréchet space. For example, the principle of uniform boundedness
holds for M, as for this principle only the continuity of the addition and the multiplication operator Hα , α 	= 0, is needed
(see [7]).
Proposition 3.9. Mqp is a closed subspace of M for each pair p, q of positive reals.
Proof. Let q, p be positive real numbers and (Fk)k be a sequence in Mqp , where Fk = ( fk,n)n ∈ Mqp , k = 1,2, . . . . If F =
( fn)n ∈ M such that Fk ‖ ‖−→ F , k → ∞, then ‖Fk − F‖ → 0, k → ∞.
Hence, there are p′ , q′ positive real numbers with p′ < p, q′ < q and k0 ∈ N such that Fk0 − F = ( fk0,n)n − ( fn)n
p′-q′-c−→ 0
(by deﬁnition of ‖ ‖).
This implies that Fk0 − F ∈ Mq
′
p′ ⊂ Mqp (by deﬁnition of Mq
′
p′ and Proposition 3.2).
Since Fk0 ∈ Mqp , it follows that F ∈ Mqp . 
Theorem 3.10. The space M with the metric d deﬁned in Proposition 3.7 is a complete metric space.
Proof. Let (Fm)m be a Cauchy sequence in M, where Fm = ( fm,n)n , m = 1,2, . . . .
Then it follows from deﬁnition of ‖ ‖ that there exists an increasing sequence (pk)k in N such that for each k ∈ N it
holds ( f,n)n − ( fm,n)n
1
k -
1
k -c−→ 0, for all ,m pk .
This means that for each k ∈ N and for each pair of positive integers ,m  pk corresponds an element (ε,m,n)n ∈ +1/k
and a positive integer n0 such that
∞∑
n=n0
μ
(
A
ε,m,n
,m,n
)1/k
< ∞, where Aε,m,n,m,n =
[| f,n − fm,n| ε,m,n]. (1)
From (1) by induction we take an increasing sequence (nk)k in N such that for each k ∈ N we have
∞∑
n=nk
μ
(
A
ε,pk+1,n
,pk+1,n
)1/ j
<
1
2k
for j = 1,2, . . . ,k and p j   < pk+1, (2)
∞∑
n=nk
(ε,pk+1,n)
1/ j <
1
2k
, for j = 1,2, . . . ,k and p j   < pk+1, (3)
μ
(
A1/kpk+1,n
)
<
1
k
for n nk where A1/kpk+1,n =
[
| f pk+1,n|
1
k
]
. (4)
(Relations (2), (3), (4) express the uniform convergence to zero of a ﬁnite number of tails of convergent series and of the
null sequence
(
μ
([
| f pk,n|
1
k
]))
n
as F pk = ( f pk,n)n ∈ M.)
We consider the following element F = ( fn)n of M: fn = f pk+1,n , if nk  n < nk+1, n0 = 1. (The fact that F ∈ M follows
from (4).)
In order to show that ‖Fm − F‖ → 0, m → ∞, it is enough to show that for each i ∈ N there is an m0 ∈ N such that
( fm,n)n − ( fn)n
1
i -
1
i -c−→ 0, formm0. (5)
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Deﬁne
εn =
⎧⎨
⎩
1, if n < nk,
εm,pk+1,n, if nk  n < nk+1,
εm,pk+2,n, if nk+1  n < nk+2
and so on.
We ﬁrst note that
∞∑
n=1
ε
1/i
n =
nk−1∑
n=1
ε
1/i
n +
nk+1−1∑
n=nk
ε
1/i
n +
nk+2−1∑
n=nk+1
ε
1/i
n + · · ·
 nk − 1+
∞∑
n=nk
(εm,pk+1,n)
1/i +
∞∑
n=nk+1
(εm,pk+2,n)
1/i + · · · .
Applying (3) for k,k + 1, . . . , for m in place of  and i in place of j we have
∞∑
n=1
ε
1/i
n  nk − 1+ 12k +
1
2k+1
+ · · · < ∞. (6)
Let Aεnn = [| fm,n − fn| εn]. By deﬁnition of F = ( fn)n and (1) for n nk we have
Aεnn = A
εm,pk+1,n
m,pk+1,n for nk  n < nk+1,
Aεnn = A
εm,pk+2,n
m,pk+2,n for nk+1  n < nk+2
and so on.
Then applying (2) for k,k + 1, . . . , for m in place of  and i in place of j we take similarly as above that
∞∑
n=nk
μ
(
Aεnn
)i  1
2k
+ 1
2k+1
+ · · · < ∞. (7)
From (6) and (7) it follows that (5) holds and this completes the proof. 
Corollary 3.11. The subspaces Mp , Mq, Mqp , M∞p , M∞q , M∞ , M∞ , M∞∞ , where p,q > 0, are closed in M.
Proof. We prove this fact for M∞∞ . (The proof for the other subspaces is similar.)
Suppose F0 = ( f0,n)n /∈ M∞∞ and let F0 + Mqp (p,q > 0) be a neighborhood of F0 (see Remarks 3.8(ii), (iii)).
If (F0 + Mqp) ∩ M∞∞ 	= ∅, then there exist p1, q1 positive real numbers, F1 = ( f1,n)n ∈ Mq1p1 and F = ( fn)n ∈ Mqp such
that
F0 + F = F1 ⇒ F0 = F1 − F .
Since the subspaces Mqp , Mq1p1 are contained in the subspace Mq2p2 , where p2 max(p, p1),q2 max(q,q1), it follows that
F0 ∈ Mq2p2 which is a contradiction. 
Corollary 3.12. The space (M,d) is not compact.
Proof. The family
{
S(0, r): r > 0
}∪ {F + S(0, r): r > 0, F /∈ M∞∞},
where S(0, r) is the open ball with center 0 and radius r, is an open covering of M without ﬁnite subcoverings, because
we have from the proof of Corollary 3.11 that S(0, r1) ∩ (F + S(0, r2)) = ∅ for r1, r2 > 0, F /∈ M∞∞ . 
Finally we mention that the notions and results developed in this paper ﬁnd applications in the theory of liftings, in
Laws of Large Numbers [12], and in density topologies [9,10].
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